Abstractmovements modeling, so that the joint space trajectories, developed for a large number of humanoid robot revolute joints, would replicate movements of humans. In this development, we consider robot velocity and acceleration constraints. B-spline wavelets are used to represent joint space trajectories. However, due to humanoid robot constraints we have to limit the time-frequency domain of our model. In other words, in the spline wavelet representation of our model, we cannot include high frequency wavelet transform details. This results in a loss of integrity of robot trajectory model. We propose to measure model quality by the ratio of the energy included in the trajectory model to the total energy of the unconstraint trajectory. We call this ratio Trajectory Integrity Index (TII). 
I. INTRODUCTION
Humanoid robot has a large number of joints and is expected to replicate movements of humans [1] , [2] . So, the human motion has to be captured and represented by the motion of a kinematic model of a human body in the joint space. In this development, the constraints imposed by the characteristics of the available robot (to be programmed) have to be taken into account. In our development these are the constraints imposed on the revolute joint velocity, and acceleration.
One of the techniques for human movements interpolation uses B-spline wavelets to represent joint space trajectories. Each of these trajectories f(t) that are square-integrable continuous-time signals can be represented in a form of the following expansion:
where the basis functions are generated by dilation (index j) and translation (index k) of a wavelet We have just defined the discrete wavelet transform. This is a hierarchical decomposition that represents multiresolution analysis of signal and defines its subband decomposition whose components are identified by index j. There exists a fast reversible wavelet transform algorithm that uses quadrature mirror filter (QMF) banks [3] .
In this paper, we will use polynomial spline wavelet transform. The well known Haar transform corresponds to a spline of order n=0 and the modulated sinc wavelet is a spline of infinite order. B-spline wavelets of compact support were simultaneously introduced by Chui and Wang [4] and Unser, Aldroubi and Eden [5] .
Polynomial spline wavelets have a closed-form formula (piecewise polynomial) that is a remarkable characteristic. Other wavelet bases are defined by infinite recursion.
In Section II, we present multiresolution analysis generated by polynomial spline wavelet transform. In Section III we are concerned with velocity and acceleration constraints. Then, in Section IV we outline the algorithm for robot trajectory development and analysis, and we evaluate the result using Trajectory Integrity Index. Section V summarizes the paper.
II. B-SPLINES, B-SPLINE POLYNOMIAL WAVELETS, AND MULTIRESOLUTION
B-splines are the basic atoms by which polynomial splines are constructed. They are smoothly connected piecewise polynomials with joining points called knots. For spline of degree n each piece is a polynomial of degree n. So, it is described by n+1 coefficients. Smooth connection of the described segments is imposed by the continuity at the knots of the spline and its derivatives up to the order n-1. This means that actually there is only one degree of freedom per each segment. We will be assuming uniform knots spacing, which (without loss of generality) will be normalized to unity. Polynomial spline s(t) of order n is a linear combination of B-splines 
It is obvious that ) ( 1 t  is a symmetric triangular pulse and higher order B-splines are symmetric bell-shaped functions. The closed-form representation of the cubic Bspline (determined by (3)), often used for high-quality interpolation, is as follows: All members of the family of polynomial splines (2) are constructed using the same nth-order B-spline shifted by k units. Consequently, between any two consecutive nodes or sampling points such a polynomial spline can approximate trajectory f(t) in the same frequency band. Therefore, there is a need for expanding the family of polynomial splines (2) by scaling B-splines ) (t n  . One usually considers scaling factors that are powers of 2. Following this convention and modifying (2) accordingly, we obtain the following set of the polynomial splines of order n:
with the scaling function
where j 2 is the sampling interval at the resolution level j. Polynomial splines in (2) have the scale 1 (or j=0). We assumed the sampling interval to be unity but this can be treated as a normalized interval, meaning that the real one may assume any value depending on the dynamics or frequency bandwidth of f(t).
For a fixed value of the resolution level j the set of functions (6) spans a subspace W are generated by a
, we can obtain its polynomial spline fine-to-coarse approximation sequence
that defines multiresolution analysis, represented above by a sequence of nested spaces n j V . Each resolution level covers certain frequency bandwidth, at which we extract by projection on n j W the part of the original signal that belongs to this subspace. This sequential procedure for the spline wavelet transform with the depth J leads to the following decomposition:
This is the polynomial spline wavelet transform that consists of the original signal approximation at the resolution level J and its details extracted at the resolution levels from 1 to J.
This representation of the robot trajectory can be obtained by the fast wavelet transform algorithm presented in [7] , which is the extension of the Mallat's fast wavelet transform algorithm to deal with nonorthogonal basis functions.
III. ESTIMATION OF VELOCITY AND ACCELERATION CONSTRAINTS USING POLYNOMIAL B-SPLINES
Development of a kinematic model of a human body movement in the joint space involves representations of trajectories of all revolute joints. They are subject to velocity and acceleration constraints defined by the available robot to be programmed to follow these trajectories. So, we need to check the required (recorded) human movements of each joint against these constraints. Velocity is represented by the first derivative of a trajectory and acceleration is represented by the second derivative of a trajectory. We propose to determine these derivatives using polynomial B-splines of order n.
In our case, the analyzed signal is represented by a sequence 2 ) ( l k f  whose elements are equidistant and we are constructing polynomial splines that interpolate this sequence. The functions obtained are (as stated above) smoothly connected at knot points piecewise polynomials of degree n. They form polynomial splines of order n that belong to space n S 1 , where the subscript indicates the spacing between knots. In fact, n S 1 is a subset of functions of 2 L that are of class 1  n C (i.e., continuous functions with continuous derivatives up to order n-1) and are equal to polynomial of degree n on each interval
when n is even, and [k,k+1), Z k  when n is odd. The following equivalent definition [8] of more is 1 n S convenient for our application: 
We would like to determine first and second derivative of human body movement trajectory, which is defined by (9) . So, we obtain:
Substituting (12) to (13), we get
is the first order finite difference operator. Using the property
we obtain the second derivative
is the second order difference operator.
The differentiation algorithms, represented by (14) and (16) will be now converted to z-domain and represented by a block diagram. This is necessary for representing discrete signals in terms of discrete B-spline basis functions. Let us first define two sequences obtained by sampling continuous B-splines:
Using (11), we obtain the following recursive equations: 
We represent the discrete signal f(k) in the space of Bsplines by imposing the interpolation condition
where ) (t f n is as in (9) and ) ( ) ( , 
and [a] represents truncation of real number a to the smaller integer. This transform may be decomposed as (14) and (16) we approximate in the B-spline space the first and second derivatives of the trajectory f(k) by convolution of the sequence with the appropriate finite difference operator and subsequently convolving the results with the appropriate impulse responses of the filters ) ( and ) (
. This summary is illustrated by the block diagram in Fig. 1 .
IV. DEVELOPMENT AND ANALYSIS OF HUMANOID ROBOT TRAJECTORY AND ITS INTEGRITY EVALUATION
Let us assume that the recorded trajectory f(t), uniformly sampled, consists of a number of samples equal to a power of 2. We assumed that we will be representing the recorded trajectory with respect to the polynomial (of order n) B-spline basis. We will assume n=3. In other words, we assume that the highest possible frequency that could be included in our model is the center frequency ) 0 ( ) ( 
where
BW[f(k)] is the bandwidth of sampled representation of f(t).
If this is true, we move directly to the described below procedure used to meet velocity and acceleration constraint. However, if (23) is not true, we need to check this inequality for f(k) replaced by the downsampled sequence ,...
This means that initially we use a sequence that consists of every second element of f(k), we check condition (23), and if not satisfied we repeat downsampling operation until it is fulfilled. Once we find as f(k) and we construct 3 rd order polynomial spline interpolation of this sequence. Now, following the process described in Part III and illustrated in Fig.1 , we obtain approximations of 1 st -and 2 nd -order derivatives and we check them against the humanoid robot constraints for velocity and acceleration. If these are not met, we downsample our current f(k) as described in (24), and we again follow the procedure in Fig.1 Then, we find the spline wavelet transform of f(t)with the depth r, where we associate index r with the space r V to which the spline wavelet approximation ) (t f n r of ) (k f r belongs. As we already stated above, this wavelet transform consists of the original signal approximation at the resolution level r and its details extracted at the resolution levels from 1 to r. We have the following relation:
that represents multiresolution of the subspace r V generated by the spline wavelet transform of the depth J that is represented by the original trajectory f(t) approximation at the resolution level r and its details extracted at the resolution levels from r+1 to r+J. On the other hand spline wavelet transform of f(t) with the depth r+J contains additional details extracted at the resolution levels from r to r+J. Loss of energy of these details, not included in the humanoid robot trajectory ) (t f n r , is due to its constraints. We can say that we deal here with the loss of humanoid robot trajectory integrity with respect to the original trajectory f(t). 
Energy of a signal can be calculated using its continuous wavelet scalogram that represents a local time-scale or time-frequency energy density of a signal f. Originally similar approach to determination of signal integrity was presented in [10] and [11] . More information on wavelet scalogram and signal energy can be found in Appendix.
V. CONCLUSION
In this paper, we have developed a general procedure for human movements modeling to represent joint space trajectories of a humanoid robot so that they closely model movements of humans. In this design process, we consider robot velocity and acceleration constraints. We use polynomial B-spline wavelets to represent joint space trajectories. To consider the mentioned constraints, we have to represent original human movement trajectories within a limited frequency bandwidth by limiting timefrequency domain of the modeling wavelets. This results in a loss of humanoid robot trajectory integrity because we have to remove some high-frequency details from our model. We propose to measure the trajectory integrity by the value of Trajectory Integrity Index (TII) that is defined as a ratio of the energy lost (due to elimination of its high frequency part) to the energy of the original recorded signal. The proposed approach is not yet fully proven by experiment. This is the goal of a future research.
APPENDIX Wavelet Scalogram and Signal Energy
The scalogram of a signal f(t), denoted by ) , ( [12] , [13] .
We will show now that the scalogram, defined for the CWT, actually represents a local time-frequency energy density of a signal f. The energy of a signal f can be represented by the integral of its square or its instantaneous power with respect to time. This energy, using the CWT expansion of f, and assuming that we represent f by a finite number of its wavelet transform values in a bounded time-scale domain (or a timefrequency rectangle related to it through the mother wavelet used) containing most of the signal energy, can be expressed as follows: where the first sum is the signal energy in the highest frequency sub-band (corresponding to the lowest scaling level 1) and the last sum represents the signal energy in the lowest frequency sub-band (corresponding to the highest scaling level of interest J). 
